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Introduction 

Powers of arbitrary ideals in general, and of monomial ideals in particular have 
been intensively studied during last years. Conca's examples [3] of ideals with linear 
quotients generated in one degree whose powers do not have a linear resolution show 
that the powers of ideals do not generally preserve the homological properties and 
the invariants of the ideal. It is interesting to see how much these invariants may 
vary compared to those of the given ideal. 

Let S = k[xi, . . . ,x n ] be the polynomial ring in n variables over a field k and 
/ C S be a graded ideal. A well-known result of Brodmann [2] says that the sets 
of associated primes of powers of /, Ass(5'// i ), stabilize for large t. An interesting 
case is that when t — 1. In this case the ideal is called normally torsion-free. 
More precisely, an ideal / is normally torsion-free if Ass(Sy/) = Ass(S'// fc ), for all 
k > 2. Examples of normally torsion-free ideals appear from graph theory. It is 
known that a graph G is bipartite if and only if its edge ideal is normally torsion- 
free, [15]. Even if squarefree monomial ideals which are normally torsion-free have 
been intensively studied |14] , |15j . [16], normally torsion-free monomial ideals which 
are not squarefree are almost unknown. We aim at characterizing all lexsegment 
ideals which are normally torsion- free. This will provide a large class of normally 
torsion-free monomial ideals which are not squarefree. We recall that, if d > 2 is 
an integer and u and v are two monomials of degree d in S such that u >i ex v, 
then the monomial ideal generated by all the monomials m of degree d such that 
u >iex m >iex v is called a lexsegment ideals. Lexsegment ideals were defined by 
Hullet and Martin |12j and they were also studied by Aramova, De Negri and Herzog 
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The paper is organized in two sections. Since there is a strong connection between 
the property of an ideal J C S of having the maximal graded ideal as an associated 
prime ideal and the depth, more precisely, for an ideal I of S, depth(Syi) = if 
and only if m = (x\, . . . , x n ) G Ass(5'//), the first section is devoted to the study of 
the depth of the powers of lexsegment ideals. We prove that, if d > 2 is an integer, 
u >iex v are two monomials of degree d which do not satisfy any of the following 
conditions: (i) X2 \ u, x\ >i ex v >i ex x^x^^/^ and w > Xiujx\, where w is 
the greatest monomial of degree d such that w <i ex v, (ii) d = 2, u <i ex X1X3 and 
v = x\, and / is the corresponding lexsegment ideal, then there exists some k > 1 
such that depth(S// fc ) = 0. Moreover, if depth(S// fc ) = for some k > 1, then 
depth(S/I k+j ) = 0, for all j > 1. 

In the second section, we determine classes of lexsegment ideals which are normally 
torsion free. Using the results from the first section, one may easy see that these 
are the only classes of lexsegment ideals. For lexsegment ideals, properties such 
as having a linear resolution or being Cohen-Macaulay can be determined just by 
looking at the ends of the lexsegment [T], [I]. Our characterization for normally 
torsion-free lexsegment ideals is also given in terms of the ends of the lexsegment. 
Moreover, one may easy see that the property of being normally torsion-free is 
equivalent with the property of the depth of the powers of being constant. 

1. Depth of powers of lexsegment ideals 

In this section, we will focus on the depth of powers of lexsegment ideals. Through 
this paper, we denote by S = k[xi, . . . , x n ] the polynomial ring in n variables over a 
field k. We aim at finding all the lexsegment ideals / which have the property that 
there exists some k > 1 such that depth(S , // fc ) = 0. In order to do this, we will 
prove that there exists some k > 1 such that m = (xi, . . . , x n ) G Ass(S'// fc ). Firstly, 
we recall the most frequently used concepts. 

Let / C S be a monomial ideal. A prime ideal p is an associated prime ideal of / 
if there exists a monomial m in 5 such that p = / : (m). If we denote by Min(S'//) 
the set of minimal prime ideals over /, then it is known that Mm(S/I) C Ass(S'// fc ) 
for every k > 1. 

Let m = xl 1 ■ ■ -x ^ be a monomial. For any i, 1 < i < n, we denote z/j(m) = aj. 
The set supp(m) = {i : Viim) > 1} is called the support of the monomial m. One 
may define min(m) := min(supp(m)) and max(m) := max(supp(m)). Also, for a 
monomial ideal I C S, we will denote by G(I) the minimal monomial generating 
set of /. 

Let <i ex be the lexicographical order on S with respect to X\ >i ex ■ ■ ■ >i ex x n . 
We recall that, for two monomials m and m', m <i ex m' if deg(m) < deg(m') or 
deg(m) = deg(m') and there exists 1 < s < n such that, for any i < s, i^(m) = 
Vi{m') and v s {m) < v s {m'). 

Let d > 2 be an integer. We denote by Aid the set of all the monomials in S of 
degree d. For two monomials u and v in Aid such that u >i ex v, one considers the 
set C(u, v) = {m : m G Aid, u >i ex m >i ex v} which is called a lexsegment set. If 
u = xf, then C l (v) := C(xf,v) is called an initial lexsegment, and if v — then 
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Cf{u) := C(u, x%) is called a final lexsegment. A (initial, final) lexsegment ideal is a 
monomial ideal generated by a (initial, final) lexsegment set. 

Let u, v G M. d be two monomials, u >i ex v, and I = (£(u, v)) be the corresponding 
lexsegment ideal. We note that we may always assume that X\ \ u and X\ \ v. Indeed, 
if x\ | v we denote u = x^ 1 ■ ■ ■ x°£ and v = x\ ■ ■ ■ x h ™ , with a\ > b\ > 0. If a\ = b\, 
then / = (£(w,t>)) is isomorphic, as an S'-module, to the ideal generated by the 
lexsegment Ciu/x^ 1 , v /x^ 1 ) of degree d — ai. This lexsegment may be studied in the 
polynomial ring in a smaller number of variables. If a\ > b\, then I = (C(u,v)) 
and (£(u / x b i , v / x b i)) are isomorphic as S'-modules and we have ui(u/x b i) > 1 and 
ui(v/x bl ) = 0. Therefore, through this section, we will always assume that x\ \ u 
and x\ \ v. We denote by w the largest monomial of degree d such that w <i ex v. 

The following result describes the depth for the powers of lexsegment ideals / 
such that depth (S/I) = 0. 

Proposition 1.1. Let u and v be two monomials of degree d, u >i ex v, and I = 
(£(«,«)). I/depth(Syi) = 0, then depth(5// fc ) = for any k > 1. 

Proof. According to [SI Proposition 3.2], depth(Syj) = if and only if x n u >\ ex X\V. 

Let us fix an arbitrary integer k > 2. Firstly, let us assume that V\{u) > 1. In 
this case, the inequality x n u >i ex X\V is obviously fulfilled. Let m = u k /xi, with 
deg(m) = kd — 1. Thus m ^ I k . Since Xiin = (xjM/xi)u fc_1 G I k for any 1 < i < n, 
we get that m C I k : (m). The other inclusion being trivial, we get depth(5 , // fe ) = 0. 

Let now ^i(m) = 1, thus u <i ex x\x^ x . Since x n u >i ex x%v, we must have 
v <iex ^2 1;r n- Let m = u{xi^ x x n ) k ~ x I x\ with deg(m) = kd — 1, thus m ^ I k . Since 
X\m = u(x2^ 1 x n ) k ^ 1 G I k and Xiin = [x n uj Xi)^" 1 Xi)^' 1 x n ) k ~ 2 G I k , we get that 
m C I k : (m). The other inclusion being obviously true, we get depth ( S/ I k ) = 0. □ 

The proofs of the next results work as follows. In order to show that depth(5'/ I k ) = 
we provide a monomial m G S of degree dk — 1, thus m ^ I k , such that m C I : (m) . 
Since the other inclusion / : (m) C m is obviously true, we get that m G Ass(S/I k ), 
hence depth(S'// fc ) = 0. Therefore, in the following proofs, we only show which is a 
right choice for the monomial m in each case. 

Firstly, for the case when d = 2, we determine all the lexsegment ideals I such 
that depth (S/I k ) = for some k > 1. 

Proposition 1.2. Let u,v G M.2, u >i ex v, and I = (C(u,v)) be the corresponding 
lexsegment ideal. 

(a) If u >i ex X\X2, then depth(S'// fc ) = ; for any k>2. 

(b) If u = X1X3, x\ >i ex v >i ex X2X n -\, then depth(5'// fc ) = for any k > 3. 

(c) If u < iex X!X 3 , x 2 x max{u ) >i ex v >i ex x 2 x n -i, then depth(5 , // fc ) = for any 
k>3. 

(d) If u <i ex X1X3 and v <i ex x 2 x n then depth(S , // fc ) = for any k > 2. 

Proof. We now show which is a right choice for the monomial m of degree 2k — 1 
such that m C I k : (m) for some k in each case. 

(a) Let m = Xi^xl)^ 1 . Then x\m = (xiX2) 2 (x\) k ~ 2 G I k and, for 2 < i < n, 
Xitn = (xix i )(x 2 ,) k ^ 1 G I k . 



(b) Let m = x\u x jx\. Then X\m = x\u 1 G I k , X2fn = (x2X2,)(x%)u k ~ 2 G I k 
and XiVii = (X2X3) 2 (xiXi)u k ~ 3 G I k for every 3 < % < n. 

(c) Let m = x\u k ~ x j X\. Then one has that the monomials x\m = x\u k ~ l and 
x 2 m = (x2Xj)(x2)u k ~ 2 are in I k . For i < j, one may write a^m = (x2Xi)(x2Xj)u k ~ 2 G 
I k , and if i > j, Xiin = (x2Xj) 2 (xiXi)u k ~ 3 G I k . 

(d) Let m = (x^ -1 ^- Then we have that x\m = (x\) k ~ l (xix n ) G I k and 
x^m = (x 2 ) k ~ 2 (x 2 x n )(x2Xi) G J fc for any 2 < i < n. □ 

By using Corollary 12.61 and Corollary \2.9\ one may note that these are the only 
lexsegment ideals / of degree 2 such that depth(5// fc ) = for some k. 

Next, we will consider d > 3 and w <i ex x 2 u/xi. Let w be the largest monomial 
of degree d such that w <i ex v. We are going to treat each of the following cases: 

W <lex X2U/X1, W = X2U/X1, and W >l ex X2ujX\. 

In the next proposition we take w <\ ex X2u/x±, thus v <\ ex Xq,u/x\. 

Proposition 1.3. Let d > 3 and I = (C(u,v)) be a lexsegment ideal such that 
v <i ex X2u/x\. Then depth(S/I k ) = 0, for all k > 2. 

Proof. Let us fix k > 2. We only indicate a right monomial m of degree dk — 1 such 
that m C I k : (m) for some k. 

If vi(u) > 1, then depth(Syi) = and the statement follows from Proposition ll.il 
Therefore, we may assume that v\{u) = 1. 

Let m = x^u^ 1 / X\. Then x\m = u k ~ x x\ G I k and, for any 2 < i < n, Xiin = 
(x2u/xi)(x2~ l Xi)u k ~ 2 G I k . If x d 2 ~ x x n >i ex v, then a^m G I k for all i. 

Let us assume that there exists 2 < i < n such that x 2 l ~ 1 x i <i ex v, that is 
v = X2~ l Xj, for some j < i. Since v <i ex X2u/x\, the monomial u must be of the form 
U = X\X2 Xti with t < j < i. Therefore X\x\ 2 X{ <i ex u. In this case, we take m' = 
(xiX2xf l ~ 2 ) k ~ 1 u/ x\ for which we get that the monomials X\m! = (xix 2 x^ 2 ) fe_1 u and 
Xiin' = (xiXiX^~ 2 )(xiX2X^~ 2 ) k ~ 2 (x2u/xi) are in I k , for any 2 < i < n. □ 

We consider next the case when w = x^ujx^ where, as above, w is the largest 
monomial of degree d such that w <\ ex v. 

Proposition 1.4. Let d > 3 and I = (C(u,v)) be a lexsegment ideal generated in 
degree d such that w = X2u/x\. Then depth(S'// fc ) = for any k > d. 

Proof. Let us fix k > 2. As before, we find a right monomial m of degree dk — 1 
such that m C I k : (m) for some k. 

If v >i ex x 2 i ~ 1 x n , we consider the monomial m = x\x ( ^~ 2 {x'2 i ) k ^ 1 ■ Then x\m = 
(xiX2~ 2 x n )(xix' 2 ] x d ~ 3 )(x2) k ~ 2 G I k , since w >i ex x^ x x n implies u >i ex x\x d 2 ~ 2 x n . We 
also have Xim = (xiXiX d l ~ 2 )(x2) k ~ 1 G I k for any i > 2. 

If v <i ex x^Xn, let us choose m = (x2~ l x n ) k jx n . One may note that X\m = 
(xix d ^ 1 )(x'2 l ) d ~ l {x2~ 1 x n ) k ~ d G I k and x^m = (x d ~ 1 x i )( y x d ~ 1 x n ) k ~ 1 G I k for any i > 
2. " " □ 

In the sequel, we study the depth in the case when w >i ex X2ujx\. In particular 
V\{u) = 1, therefore, if we denote M = mm(u/xi), we get M > 2. 
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Proposition 1.5. Let d > 3 be an integer and I = (C(u,v)) be a lexsegment ideal 
generated in degree d such that w >i ex Xiujx\. 

(a) If v <i ex X2~ l x n , then depth(5'// A: ) = for any k > d. 

(b) Ifx^Xn < lex v < lex %2 1 %m> then depth (S/I k ) = for any k > 2d. 

(c) If x 2 | u and v = x d , then depth(5 , // fc ) = for any k > d. 

Proof. In each case, we choose a right monomial m of degree dk — 1 such that 
m C I k : (m) for some k. 

(a) Let k > d and m = x d ~ l (xffi' 1 . Then X\m = (xix'^ l )(x 2 l ) k ~ l G I k and, 
taking into account that k > d, Xim = (x2~ 1 x n ) d ~ 1 (x 2 l ~ 1 x i )(x2) k ~ d G I k , for all 
2 < i < n. 

(b) Let k > 2d and m = (x d ,) k ~ d u d / x± and assume u = xix^f ■ ■ ■ x® n , thus 

i) 



a-M < d- 1. Then x\m = (xi) k d u d G I k 



Xi m = (x d - 1 x M ) d -\x d - l x i )(x d ) k - 2d+1 u aM+l T\ (^] 1 G J fc , 



tSsupp(u) 
t>M 



for all 2 < i < M, and, if M < i < n, 



Xim = (x d 1 XmY 



^( x d ) k -^\^ rr (^) at g i k . 



f£supp(n) 
t>M 



(c) Let us fix k > d. Let u = X\X a ^ ■ ■ ■ x°£ and m = u k jx\. Then x\m G I k and, 
taking into account that k > d and x 2 \ u, 

Xim =(4)^ n (— 

x 2 - LJ - V X 2 

j'Gsupp(n/(a:i)) 

Since Xju/x2 <i ex u, we get that a^m G J fc . □ 

According to Corollary 12.61 and Corollary 12. 9[ one may note that these are the 
only lexsegment ideals / of degree d > 3 such that depth(5'// fc ) = for some k. 
Taking into account all the above results, we may conclude: 

Theorem 1.6. Let I = (C(u,v)) be a lexsegment ideal which does not satisfy any 
of the following conditions: 

(i) x d >i ex v >i ex x d ~ l x min ( u / Xl ) and w >i ex x 2 u/xi, where w is the greatest 
monomial of degree d with w <i ex u; 

(ii) d = 2, u <i ex X1X3 and v — x\. 

Then there exists some k > 1 such that depth (S/I k ) = 0. Moreover, if depth (S/I k ) = 
for some k > 1, then depth (S/ I k+: >) = 0, for any j > 1. 



A particular class of lexsegment ideals for which we have a nice behavior for the 
depth of their powers is that of lexsegment ideals with a linear resolution. 

Proposition 1.7. Let I = (C(u,v)) be a lexsegment ideal with a linear resolution. 
Then depth(S , // fe ) = 0, for any k > 2. 
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Proof. Firstly, we consider that / is a completely lexsegment ideal with a linear 
resolution. Using [U Theorem 1.3], we must have one of the following cases: 

(a) u = x®X2~ a , v = x"x^~ a for some a, < a < d; 

(b) bi < a\ — 1; 

(c) hi = ai — 1 and Xiw/x mEK ( m ) <\ ex u, where w is the largest monomial of 
degree d such that w <i ex v. 

The case d = 2 is obvious. Therefore, we assume d > 3. One may note that in cases 
(a) and (b) we have depth(Syi) = according to \5\ Proposition 3.2]. Therefore, by 
Proposition ll.il we have depth(S'// fc ) = 0, for any k > 1. 

For the case (c), we note that w <i ex x mSL ^ w )u/x\ <i ex xiujx\ since w <i ex x\ im- 
plies max(ty) > 2. Therefore, v <i ex x 2 u/xi and, by Proposition II. 3\ depth(5'// fc ) = 
0, for any k > 2. 

Now, let us assume that J is a lexsegment ideal with a linear resolution which 
is not a completely lexsegment ideal. We note that it is enough to prove that 
depth(Sy/ 2 ) = 0. Indeed, according to [6], any power of a lexsegment ideal with a 
linear resolution has linear quotients. Therefore, by [9j Proposition 2.1], the depth 
is a non-increasing function which implies depth(S/I k ) = 0, for any k > 2. 

In order to do this, we prove that m = (xi, . . . ,x n ) G Ass(S'// 2 ). Since / is 
a lexsegment ideal with a linear resolution which is not a completely lexsegment, 
according to [U Theorem 2.4], the monomials u and v must be of the form u = 
xixS 1 • • -x^ n , v = X\x d ~ l for some 2 < I < n — 1. Let m = xfu/xi ^ I 2 . Then 
x\m = uxf and x«m = (xf~ 1 Xi)(xiu/ 'x±) are in J 2 , for all 2 < i < n. Therefore 
m C I 2 : (m). Since the other inclusion is trivial, we get depth(S'// 2 ) = 0, which 
ends the proof. □ 

2. Normally torsion-free lexsegment ideals 

We characterize all the lexsegment ideals which are normally torsion-free. The 
following result shows that we can reduce our study to those lexsegment ideals which 
have x\ \ u and X\ \ v. 

Lemma 2.1. Let u, v be two monomials of degree d such that x\ \ u and x\ \ v and 
I = (C(u,v)). Let b = v\{y) and we consider monomials u' = u/x\ and v' = v/x\. 
Let I' — (£(«', v')). Then Ass(S/I) — U Ass(S/I'). 

Proof. It is clear that {(xi)} U Ass(S'// / ) C Ass(S/I). Let us consider the converse 
inclusion. Let p G Ass(S/I). If x\ p, then we must have p G Ass(S'// / ). Therefore 
let x\ G p. If p = (xi), then the statement is clear. We assume that there is some 
i > 2 such that Xi G p. Since p G Ass(S/I), there exists a monomial m ^ I such 
that p = I : (m). In particular, a^m G / and x\ \ m. Let m' = m/x\ and we prove 
that p = I' : (m'). Indeed, for any Xj G p we have Xjin G /. Thus, for any Xj G p, 
there exists a G C(u, v) such that a \ Xjim. This implies that a/x\ divides Xjirn' and 
a/x\ G C(u',v'), thus Xjin' G V and p C V ; (m r ). For the converse inclusion, let 
G /' : (m'). We have to prove that (3 G p. We have f3m' G that is there exists 
a monomial a' G C(u',v') such that a' \ (3m'. This implies x\a' \ (3m and, since 
x\a G C(u, v), (3 G I : (m) = p. □ 
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Henceforth, we will assume that x± \ u and x\ \ v. We will firstly consider the case 
when depth(S/(C(u,v))) = 0. For this class of ideals, the set of associated prime 
ideals is known. 

Proposition 2.2 ([13]). Let I = (C(u,v)) be a lexsegment ideal with depth(S/ /) = 
which is not an initial ideal. Then 

Ass(Sy7) = {(x 2 , ■ ■ -,x n )} U {(xi, . . . ,Xj) : j G supp(w) U {n}}. 

Proposition 2.3. Let I = (C(u,v)) be a lexsegment ideal with depth(5'/J) = 0. 
Then I is normally torsion-free. 

Proof. Using Proposition 3.2], depth(Syi) = is equivalent to the fact that 
x„m >i ex Xiv. If I = (/?(t>)) is an initial ideal such that Xi \ v, then Ass(S/I) = 
{(xx,...,Xj) :j G supp(w) U {n}}, [IT]. 

We have to show that Ass(S/I) = Ass(S/I k ), for any k > 2. 

"C" Let k > 2 and p G Ass(S/I). If x\ ^ p, then I is not an initial lexsegment ideal 
and p = (x2, ■ ■ ■ ,x n ), according to Proposition 12.21 By the proof of [5j Proposition 
3.1], (x 2 ,...,x n ) G Mm(S/I) C Ass{S/I k ). Let x x G p. By Proposition EH the 
ideal ( ) G Ass(^/J fc ). 

Let us assume now that p = (xi, . . . , Xj), with j G supp(f ). We may assume that 
j < n. Let m = (xixf l ~ 1 ) k ~ 1 v/xj £ I k , since deg(m) = kd — 1. Then p = I k : (m). 
Indeed, X\m = (x\v /x^^xix^ 1 )^ 1 G I k , since xif <i ex x n u <i ex XjU. If 2 < i < j, 
we get Xiin = (xiV /xj)(xix%~ 1 ) k ~ 1 G I k since X2 >« e x Xiv/xj >i ex v. Therefore 
p C I k : (m). For the other inclusion, we assume by contradiction that there exists 
a monomial m! G I k : (m) such that m' ^ p, that is supp(m') C {j + 1, . . . , n}. One 
may easy note that m! (fc I k . Since m! G J fc : (m), there exists uj E G (/ fc ) such that 
u;/ gcd(o;, m) \ m r , thus supp(w/ gcd(o;, m)) C {j + 1, . . . , n} and z/j(o;/ gcd(o;, m)) < 
Vj{m) = fj(v) — 1. Let a = ^i(w). We obviously have a < k — 1. One may note 
that co >i ex (x\x'^~ 1 ) a v k ~ a = T, therefore there exists s such that, for any i < s, 
Vi{uj) = v%(T), and v s {oS) > v 8 (T). Since supp(a;/ gcd(o;, m)) C {j ' + 1, . . . , n}, 
we must have supp(u;/ gcd(ci;,T)) C {j + 1, . . . ,n} and s > j + 1. Then z/j(o>) = 
Vj{y k ~ a ) — (k — a)uj(v), contradiction with Uj(u>) < Vj{v) — 1. Thus p = I k : (m). 

£ 0" Let us fix k > 2. Using Proposition [TTJ m G Ass(5// fc ) and m G Ass(S/I). 

Let p G Ass(Sy/ fc ) and assume that x\ G p. Let j := max{z : Xi G p}. Since 
p G Ass(Sy/ fc ), there exists a monomial m ^ I k such that p = I k : (to). 

Firstly, we prove that, for any 1 < i < j, Xj G p. Indeed, let 1 < i < j be an 
integer. Since Xjin G I k , there exist ai, . . . , a& G f ) and /3 a monomial in 5 such 
that = ofi • • • Since m ^ we must have ^ f /?. Let 1 < t < k be such 
that Xj I a t . Therefore m = a% ■ ■ ■ (a t /xj) ■ ■ ■ otkfi- One may note that x\ \ a t since, 
otherwise, x n a t /xj G C(u, v), which implies x n m G I k and x n G p, contradiction. 
Thus XiCtt/xj >[ ex v and a^m G that is Xi G J fc : (to) = p. 

Next we claim that j G supp(w). Let us assume by contradiction that j supp(u). 
We assumed that p 7^ m and this implies j 7^ n. Since Xjm G I k , there exist 
monomials an, . . . , G £(tt, f ) and /3 a monomial in S such that Xjirt = a± ■ ■ ■ ctk/3- 
Let 1 < t < k be such that Xj \ a t . Therefore m = aci • ■ ■ (a t /xj) ■ ■ ■ ak(3- As before, 
we cannot have X\ \ a t since, in this case, we obtain also that x s m G I k , for all s > j, 
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that is I k : (m) = m. We consider the monomial x n m = ati ■ • ■ (x n a t /xj) ■ ■ -oikfi- 
If x n a t /xj >i ex v, we get that x n G p, that is p = m, contradiction. Therefore, we 
assume that x n a t /xj <i ex v, that is there exists s > 2 such that, for any 2 < i < s, 
z/j(f) = h>i(x n oit/xj) and v s (v) > v s (x n a t /xj). On the other hand, a t >i ex v implies 
that there exists s' > 2 such that, for any 2 < i < s', Vi(v) = Vi{ott) and v s '{v) < 
z/ s /(a 4 ). Since u s (v) > v s {x n a t / 'xj), v s '(v) < z/ s /(a t ), and Xj \ v we get that Uj(at) = 1 
and s > j. Let b = z/ s (t>). Then x b s +1 m — a\ • • • (x b s +1 a t /xj) ■ ■ ■ ak(3 and we obviously 
have x b s +1 a t /xj G /, that is x b s +1 G p and x s G p, contradiction. Therefore, if X\ G p, 
we must have p G {(xi, ■ ■ ■ , Xj) : j G supp(f ) U {n}}. 

Let us assume that x 1 p and we prove that p = (x 2 , . . . , x n ). Indeed, let 2 < i < 
mm(u/xi). Taking into account that x n u >i ex X\v, we have % < min(u) and X{ G p 
since p D J* 1 and G If z > min(tt/xi), then (xix\ d ~ 1 ^) k G and, since 

Xx \ p and p D I k , we must have Xi G p. Therefore p = (22, • • • , #n) G Ass(S/I). □ 

According to the results from the first section, we have two remaining cases to 
study: (i) d — 2, u — x\x^ and v = x\ and (ii) X2~ 1j; m <iex v < x\ and u> >; ea; 
x 2 u/xi, where w is the greatest monomial of degree d such that w <\ ex v and 
M = min(M/xi). 

Firstly, we consider the case when u <i ex X1X3 and v = x\. The following re- 
sult describes the behavior of the set of associated prime ideals when passing to 
polynomial rings with a smaller number of variables. 

Lemma 2.4 (|16j). Let 1 be a monomial ideal in S and let x^ be a variable such that 
Xi \ m for any m G G(I). Then there is a one-to-one correspondence between the 
sets Asss(S/I) and Asss(S/(I,Xi)) given by p G Assg(S/I) if and only if (p,Xj) G 
As8 S (S/(I, Xi )). 

Proposition 2.5. Let d = 2 and I = (C(u,v)) be a lexsegment ideal such that 
u <iex o,nd v — x\. Then I is normally torsion-free. 

Proof. According to Lemma 12.41 it is enough to show the statement for the case 
u = X1X3. Therefore / = (xix^, . . . , X\X n , x^). One may note that 

I = (jcx) n (x 3 , ...,x n ) + (xj) = (x u xj) n (xj, x 3 ,..., x n ), 

which is a standard primary decomposition of /, therefore 

Ass(Sfl) = {{x 1 ,x 2 ), {x 2 ,x 3 , . . .,x n )}. 

Since Ass(S/I) = Mm(S/I) C Ass(S/I k ), we only have to prove that Ass(S/I) 2 
Ass{S/I k ) for any k > 2. 

Let k > 2 and p G Ass(5'// fc ). One may easy note that we must have x 2 G p since 
(x 2 ) k G I k . Since (x 2 , . . . , x n ) is obviously a minimal prime ideal over I k , we have 
only to consider the case when x\ G p. 

Therefore, let X\ G p. We assume by contradiction that there exists 3 < % < n 
such that x,i G p. Since p G Ass(S'// fc ), there exists a monomial m ^ I k such that 
p = I k : (m). In particular, pm C I k . Therefore X\m G I k and Xiin G I k . Since 
XiVti G I k , we get that X\ \ m. Let m = x^ 1 ■ ■ ■ x°^ . Since X\m G I k and m ^ I k we 
must have ai + 1 < a 3 + - ■ -+a n . Indeed, if ai + 1 > a^ + - ■ ■+a n , then a± > a^ + - ■ -+a n 
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and, taking into account that the monomials from C(u, v) which are divisible by x± 
are of the form x±Xj, with j > 3, we get that m G I k , contradiction. On the other 
hand, x«m G I k and m ^ I k imply a\ > a 3 + ■ ■ ■ + a n + 1 using a similar argument. 
Thus di > ax + 2, contradiction. Therefore, the only associated prime ideal of I k 
which contains x\ is [x\,x 2 ). □ 

Corollary 2.6. Let d = 2 and I = {C(u, v)) be a lexsegment ideal such that u = X\Xi 
for some 3 < i < n and v = x\. Then depth(S// fc ) = i — 2, for any k > 1. 

Proof. If i — 3, then, according to Proposition I2.5[ depth(S// fc ) = 1 for any k > 1. 
If 4 < z < n, then £3, . . . , is a regular sequence on S/I , for any i > 4. 
Then depth(S// fc ) = depth(S/(/ fc )) + i — 3, for any fc > 1. Let us 

consider the ideal I' = I C\ S' C. S' = k[xi, x%, Xi, . . . , x n ]. By the first part of 
the proof, depth(5"// /fc ) = 1 for any k > 1. On the other hand depth (S'/I' k ) = 
depth(S/(7 fc , x 3 , . . . , x^)), therefore depth(5// fe ) = i - 2. ' □ 

We now consider that x^~ 1 xm <iex v < x\ and w >i ex x 2 u/xi, where w is the 
greatest monomial of degree d such that w <[ ex v and M = min(w/xi). We need 
the following lemma. 

Lemma 2.7. Let I be a monomial ideal in the polynomial ring in n variables over 
a field k, S = k[xi, . . . , x t , yi, ■ ■ ■ , y s ] with s + t = n, such that I = JS + KS where 
J C Si = k[xi, . . . ,Xt\ and K C S 2 = k[y 1: . . . ,y g ]. Then p G Asss(S/I) if and only 
ifp = piS + p 2 S, where pi G Ass Sl (Si/J) and p 2 G Ass S2 (S 2 /K). 

s r 

Proof. Let J = f) Qi and K = f] Q'j be the two standard primary decomposition 

i=l _ 3=1 

of the ideals J and K in the polynomial rings Si and S 2 respectively. This means 
that Qi and Q'a are irreducible monomial ideals and the intersection is irredundant. 
Then / = JS + KS = f)(Qi + Q'j)S is the standard primary decomposition of 

I. One has p G Ass^S*//) if and only if there exists 1 < i < s and 1 < j < r 
such that p = ^JQi + Q'jS = y/QlS + ^/QjS. This is equivalent to p = piS + pjS 
for some i and j, with 1 < i < s and 1 < j ' < r, where pi = y/Ql C Si and 
pj = y/Qj C S 2 . Therefore p = pjS + pjS for some i, j, 1 < i < s and 1 < j < r, 
where p t G Ass 5l (S/J) and pj G Ass S2 {S 2 /K). □ 

Proposition 2.8. Let I = (C(u,v)) be a lexsegment ideal such that v >i ex x 2 ~ 1 xm 
and w >i ex x 2 ujx\, where w is the greatest monomial of degree d with w <\ ex u and 
M = mm(u/xi) . Then I is normally torsion-free. 

Proof. Since w >\ ex x 2 ujx\ we have that v\{u) = 1. Moreover, since x\ \v, we must 
have M > 3, that is u <\ ex xixf^ 1 . Using Lemma \2A\ it is enough to consider the 
case when v = x^xm-i- 

We have to prove that Asss(S/I) = Asss(S/I k ), for any k > 2. 

"C" Let k > 2 and p G Assg (S/J), that is there exists a monomial m ^ I such 
that / : (m) = p. We have to prove that p G Asss(S/I k ), that is there exists a 
monomial u ^ I k such that p = I k :^ (u). 
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Let us denote J = Xx(C Sl (u/xi)) C S[ = k[xx,XM, ■ ■ ■ , x n ], and K = (Cg 2 (v)) C 
5*2 = k[x 2 , • • • , We have I = JS + KS. Using Lemma [2TT| we get that there 

exist p! G Ass s' 1 (S[/ J) and p 2 G Ass S2 (S 2 /K) such that p = piS + p 2 S. 

Taking into account that J = (xi) PI (C s (u/xi)), the only associated prime ideal 
of J which contains x\ is ix\). Since we may write K = x 2 _1 (x 2 , . . . , xm-i) we 
get Asss 2 (S 2 /K) = {(x 2 ), (x 2 , . . . ,x M -i)}- Thus, if xi G p, then p = (xi,x 2 ) or 
p = (xi,x 2 , . . . , Xm-i)- In the first case, we have that (xi,x 2 ) G Min(Sy/), and 
in the second case, I k :$ (x^x* -1 ) = (x±, x 2 , . . . , x^-i), thus both ideals are in 
Ass s (S/I k ). 

Let us assume now that Xi ^ p. Since pi G Ass s[{S[/ J) there exists a monomial 
a G S[ such that J (a) = pi. If p2 = (x 2 ), then one may consider the monomial 
co = av k /x 2 £ I k such that p = I k : s (u). If p 2 = {x 2 , . . . ,x M -i), then p = I k : s 
(axf- 1 ), therefore p G Ass s (S/I k ). 

"D" Let k > 2 and p G Ass s {S/I k ). We have to prove that p G Ass s {S/I), which, 
by Lemma |2TJ means to show that there exist pi C S[, pi G Ass s / 1 {S[/ J) and 
P2 C S 2 , p 2 G Ass5 2 (S , 2 /iT) such that p = piS + p 2 S. Since p D J fe , we get p D J fc 
and p D therefore there exist pi C S[ and p 2 C S 2 such that p = piS" + p 2 S. 
We have to prove that pi G Ass s[{S[/ J) and p 2 G Asss 2 (S 2 /K). 

Since p G Ass5(S'/J fe ), there exists a monomial u ^ I k such that p = J fc :g (u). 
Using that p = piS + p 2 S, we have supp(u;) fl {1,M, . . . ,n} 7^ and supp(w) fl 
{2, ...,M — 1} 7^ 0, that is = o>iCo> 2 , with Wi G and u 2 G S^. Moreover, 
pa; C J kl K k2 with fci, k 2 > 1 and ki + k 2 = k. One may easy note that wi ^ J fcl 
and u 2 fT fc2 , otherwise we get a contradiction. 

Firstly, we prove that pi G Ass^' (S[/J). Let us assume that x\ G p. We show 
that, for any i, M < i < n, Xi ^ p. Assume that there exists M < i < n such 
that Xi G p. In particular, we have X\Ui G J kl and XjOJi G J kl . Since J fcl = 
x kl (C Si (u/xi)) kl and using that xiWi G J fel and wi ^ J kl , we get x^ 1 | u\ and 
Xi 1 f Wi. On the other hand, X{UJ\ G J kl implies x kl \ uj\, contradiction. Thus 
p 1 = (x 1 )eMm(S' 1 /J)CAss s ,(S' 1 /J). 

If X\ ^ p, then X\ ^ pi. Taking into account that (xixf^ 1 ) fc G J k , for any 
M + 1 < i < n, and p ^ </ , we get (xa/j+i? • • • > in) C p, therefore [xm+i-, ■ ■ ■ > ^« 
pi. If Xm £ P, then pi = (xM r ..,x n ), and, since pi = J :s[ (u/xm) we get 
pi G Asss' (S^/ J). If xm ^ p, we have pi = (xm+i, • • • ,x n ) G Min^/J). Therefore 

Pi g Ass s j(s;/j). 

We now prove that p 2 G Asss 2 (S^/i^). We obviously have x 2 G p since (x 2 ) fc G 
I k , thus x 2 G p2- We show that, if there exists Xj G p, 2 < i < M, then, 
(x 2 , • • • , xm-i) Q P- Indeed, if Xj G p, we get XiUJ\UJ 2 G J kl K k2 , therefore XiU 2 G K k2 , 
that is there exists a±, . . . , a^ 2 G ^5 (u) and f3 <E S 2 such that x^ = «i • • • a/c 2 /3. 
In particular, there exists 1 < t < k 2 such that We get that 

XjU 2 ui = «i • • • (xjttt/xj) • • • ak 2 (3ui G I k for any 2 < j < M — 1. We obtain 
that (x 2 , • • • , xm-i) Q P- Thus p 2 = (x 2 , . . . , Xm-i) and p 2 G Ass s 2 (S 2 / 1 K) since 
p = K : S2 {xt' 1 )- If Xi <£ p for any 3 < i < M - 1, then p 2 = (x 2 ) G Min(5 2 /A") C 
Ass S2 (S 2 /K). □ 
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Corollary 2.9. Let I = (C(u,v)) be a lexsegment ideal such that v — x 2 1 xe >i ex 
x 2 ~ 1 xm and w >i ex x^ujxx, where w is the greatest monomial of degree d with 
w < iex u. Then depth(S// fc ) — M — I, for any k > 1. 

Proof. We may assume that v = x 2 ~ 1 xm-i since, otherwise, a^+i, . . . , xm-i are reg- 
ular on S/I k , for any k > 1. Using Proposition 12.81 and since m ^ Asss(S/I), 
we get that depth(S'// fc ) = 1 for any k > 1, since (x^, ■ ■ ■ , x n ) G Asss(S/I). In- 
deed, one may easy note that (x 2 , . . . ,x n ) = I : (xix^~ 2 x 2 ~ l ). If v — x^ l xi, then 
depth(5// fc ) — M -£, for any k > 1. " " □ 

Now we may completely characterize all the lexsegment ideals which are normally 
torsion-free. One may note that our characterization depends on the ends of the 
lexsegment. 

Theorem 2.10. Let I = (C(u,v)) be a lexsegment ideal. The following condition 
are equivalent. 

(a) / is normally torsion-free. 

(b) One of the following conditions hold: 

(i) x n u > lex x x v; 

(ii) X2~ 1 xm <i ex v < x\ and w >i ex x 2 u/xi, where w is the greatest mono- 
mial of degree d such that w <\ ex v and M = min(ti/xi); 

(iii) d = 2, u = X1X3 and v = x 2 . 

(c) depth(S/J) = depth(S// fc ) for any k>2. 

Proof. "(6) =^ (a)" If / satisfies one of the above conditions, then / is normally 
torsion-free by Proposition 12.51 Proposition 12. 8[ and Proposition 12. 31 

"(a) =^ (6)" If I does not satisfy any of the three conditions, then we have 
depth(Syi) > 1. Thus m ^ Ass(S/I). According to the above results, there exists 
some k > 2 such that depth (S/I k ) = 0, that is m G Ass(S'// fc ). Therefore, there 
exists some k > 2 such that Ass(Syi) 7^ Ass(S/I k ) and / is not normally torsion-free. 

"(6) <^ (c)" The statement follows by using Corollary 12.91 Corollary 12. 6[ Propo- 
sition [TJTJ and Theorem 11.61 □ 
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